The aim of this work is to provide the radial part of the Green's function for the Schroedinger operator defined on N-dimensional space. The potential part in the Hamiltonian is a piecewise continuous operator. We have considered two kinds of potentials: the first of them is a positive constant V 0 inside a sphere (x 2 1 + ... + x 2 N = a 2 )and zero outside this sphere whereas the second is a negative constant V0 inside the sphere and null outside (a finite well potential). For the first kind of potential, we have calculated the Green's function in two cases of energy: E > V 0 and E < V 0 . For the second kind of potential, we have discussed the discrete spectrum of the Hamiltonian operator.
Introduction
The Green's functions were successfully applied to solving various problems of mathematical physics. George Green (1793-1841) was the first scientist who established the basic concepts of Green's function and created a mathematical theory of electricity and magnetism. His work was focused on solving Laplace's and Poisson's equations with various boundary conditions. In fact Green's functions theory, is a very usefull for other scientists in many applications in physics and engineering. Such investigations are due to Riemann and Helmholtz in acoustics, Lipschitz in electrodynamics, Franz Neumann in magnetic induction, Betti in heat theory and elasticity, quantum mechanics, cosmology etc.... In quantum mechanics the problems related to the step and barrier potentials in one dimension space have been the subject of the first courses according to different boundary conditions, but for the cases of higher dimensions few things are done, especially in the Green's function formalism. The application of Green's function method to solve this kind of problems requires the knowledge of Green's function for the Helmholtz equation [1] . Green's functions of the Helmholtz equation in regular regions are well known. In references [2] and [3] , the Green's function for Schrödinger equation with one-dimension rectangular potentials and with the step and square-barrier potentials in one dimensional space was solved exactly. In [4] , the Green's function has been studied for the thin circular Kirchhof Poissonplate. The Green's function has been also studied by [5] in two dimensions for a piecewise continuous potential and by [6] in three dimensions for a piecewise continuous potential possessing a spherical symmetry. In [7] - [8] the Green's function has been analyzed for the elliptic domain. The quantum problem relative to scattering in two dimensions was also treated asymptotically in [9] . Using the approximative methods, [[10] - [11] ] have treated the Green's function problem. Spherically symmetric vacuum solutions of modified gravity theory in higher dimensions [12] . The Schrödinger equation of the spherical symmetry quantum models such as the hydrogen atom problem has been solved in higher dimensions [13] . Closed forms of the Greens function and the generalized Greens function for the Helmholtz operator on the N-dimensional unit sphere, which corresponds to angular part of the Helmholtz operator was been derived [ [14] , [15] ]. Our work treats the radial part of such operator augmented by an interacting potential operator which is piecewise continuous.
Starting by the section 2, we give a brief review of the Schrödinger equation in N dimensionnal spherical coordinates and the construction of the Green's functions in the case where the interaction part in the Schrödinger equation is a piecewise continuous potential. In sction 3 we apply the theory for an axi-symmetric potential defined as a positive constant inside the sphere and zero outside the sphere for the case E > V 0 . The case 0 < E < V 0 is presented in the section 4. We calculate the Green's function by using the continuity of the solution and its first derivative on the frontier. In section 5. the case of the spherical well potential is discussed when we study the problem with the negative potential inside the sphere and zero outside the sphere. Here, we have also used the continuity of the solution and its derivative to obtain the associate Green's function. Finally, we conclude this work in section 6.
Construction of Green's function :
The time independent Schrödinger equation for a particle of mass m, subjected to a potential V, in N-dimensional space has the form
where ∆ N is the Laplacian in the spherical coordinates (r,
N is the radial coordinate.
The second term of (2) is the multidimensional space centrifugal term. Ω N represents the angular coordinates. In this line, the operator Λ 2 N yields hyperspherical harmonics as its eigenfunction. This helps us to write the wave function as
where R nl (r)is the radial part of the equation (1) 
We note here that in the case of unit sphere (a=1), [14] - [15] has derived the angular Green's function. Substituting (3) into (1) and making use of (4), and applying the variable separation method, the N-dimensional hyperradial equation becomes
where E is the energy eigenvalue and l is the orbital angular momentum quantum number l = 0, 1, 2, .... This equation can be solved by the Green's function method. We consider the potentiel V (r, θ = θ 1 , .., θ N −1 ) has the form
and the corresponding Schrodinger equation is
The term with N-dimensional delta-function can be written as
where J is the Jacobian
By taking the radial part (after integration on the angles θ 1 , ..., θ n−1 ), we have
Inserting (6) and (11) in (7), we find for 0 < r < a and r > a respectively
The latter equations are the departure of our investigation in this work.
3 Application of the case
Outside the sphere r, r > a
We note by G l,2,2 the Green's function outside the sphere. In this case the second equation of (12) is
or equivalenty after some algebraic calculations
By taking for lightening G l,2,2 (r, r ) ≡ g l,N (r), we can write the equation (14) for r = r as the following form
By making the changes z = kr, and k 2 = 2m h 2 E then g l,N (r) satisfies to the following equation
which is a multi spherical Bessel equation of order l. The corresponding linear independent solutions are j l,N (z) and η l,N (z) defined by
We can write a more general solution of equation (16) as
where the constants A and B must be choosen with respect to the specific studied problem. Therefore, with the use of the equation (19), the solution of the equation (16) can be immediately written as
In this expression of the Green's function, we see the combinaison of two waves, one escapes the sphere η l,N (kr) and an other comes from infinity −βj l,N (kr). The constants C, D and β must be determined by using the boundary conditions. The same thing may be said about the factor D(r ) as we will see below when we determine it. The first condition demands that G l,2,2 (r, r ), as function of r (r is fixed), must be continuous at r = r
or, when we use the equation (20), we find
The second condition demands that the first derivative at r = r must possess a jump, that is to say
or equivalently
where j l,N (x), η l,N (x) are the first derivative with respect x of j l,N (x), η l,N (x). By combining equations (22) and (24), we obtain
By using the fact that the Wronskian of the multi spherical Bessel's functions j l,N and η l,N is equal to
we check the coefficients C and D to be equal to
and
As we have mentioned above, the coefficient D(r ) is a sum of two waves, one escaping the sphere and one going from infinity. Then the Green's function, outside the sphere, is given by
We have determined the coefficients C and D. The remaining coefficient β will be calculated in the next subsubsection.
Inside the sphere:
Inside the sphere 0 < (r, r ) < a, we have to use the first equation of (12) d dr
which has two independent solutions η l,N (µr) and j l,N (µr). The corresponding Green's function can be written as
where
, and A, B, α are constants that will be calculated at the next step. By using the continuity of the Green's function at r = r
that is to say
and the discontinuity of the Green's function at r = r
and the equations (26), (33) and (35), we get the constants A(r ) and B(r ) as the following
and after substituting them in (31) we find the Green's function inside the sphere
To find the coefficients α and β we use the continuity of the Green's function and the continuity of its first derivative at r = r = a
After simplifications, we get the coefficient α as
where we have defined
In the same way, we find the coefficient β equal to
Summarizing, the Green's function inside the sphere is given by the following expression for 0 ≤ r < r ≤ a
and interchanging r with r , we get the following expression for the Green's function inside the sphere for r < r ≤ a
and outside the sphere for a < r < r
and for r < r < ∞
3.3 The case 0 < r < a < r < ∞ (r inside and r outside the sphere)
In this case the Green's function writes as
where λ is a constant to be determined using the continuity of Green's function at r = r = a :
this leads to get the constant
Then we obtain the Green's function (mixed)
3.4 The case 0 < r < a < r < ∞ (r inside and r' outside the sphere):
Similarly to the above, the Green's function writes as
where θ is a constant to be determined using the continuity of Green's function at r = r = a :
This leads to the following constant
Then the mixed Green's function (r < a < r ) becomes
4 Application of the case
In this case µ becomes purely imaginary number µ = iµ, and the phenomena of quantum tunneling can be checked.
here we have [0 ≤ (r , r) ≤ a] and the second equation of (12) becomes
which is the modified multi spherical Bessel equation of order l that admit two independent solutions i l,N (µr) and k l,N (µr) which as
Then, with the same way we find the Green's function, in this case, as follows
where γ is a constant that will be calculated later. Using the boundary conditions at r = r we find
and by using the discontinuity of the first derivative of G l,3,3 at r = r we find
The Wronskian of the multi spherical modified Bessel function i l,N and k l,N take the following form: (67), (69) and (70) the constants A(r ) and B(r ) are given by the following expressions
then
It is worth to mention here that the case of the "hard" sphere can be recovered when we put in the last formula the limit V 0 = ∞ in that case the limit gives zero (G l,3,3 (r, r ) = 0). The constant γ will be calculated in the next subsubsection.
Outside the sphere (a ≤ (r , r) ≤ ∞)
The Green's function is the same as (30) but with a new constant β 1 :
To find the coefficients γ and β 1 we use the continuity of the Green's function and the continuity of its first derivative at r = r = a :
After some simplifications we get the coefficients γ and β 1 as the following expressions
Finally, Green's function inside the sphere (for the case 0 < E < V 0 ) is given respectively for 0 ≤ r ≤ r ≤ a and 0 ≤ r ≤ r ≤ a by
and outside the sphere, the Green's function is for a < r < r and r < r < ∞ respectively
4.3 r' inside and r outside the sphere (0 < r ≤ a ≤ r ≤ ∞) :
In this case the mixed Green's function is given by
where λ 1 is a constant to be determined using the continuity of Green's function at r = r = a,
or, after some simplifications, the constant λ 1 becomes
Then we obtain the mixed Green's function for the case r < a < r
4.4 r inside and r' outside the sphere (0 ≤ r ≤ a ≤ r ≤ ∞):
In this case the Green's function is
where θ 1 is a constant to be determined using the continuity of the Green's function at r = r = a,
Then the mixed Green's functions becomes for the case r < a < r
5 Quantum Green's function for spherical well potential
This problem is an important question which concerns the bounded states (0 > E > −V 0 ) in quantum mechanics. In many situations the potential can be used in the following form
Using the same method as above, we obtain the Green's functions in different regions as it follows 5.1 Inside the sphere (0 ≤ (r, r ) ≤ a) :
We have the following differential equation
Using the definition µ 2 1 = 2m h 2 E + V 0 , we find the Green's function as
where α 5 will be given later.
Outside the sphere(a ≤ (r, r ) < ∞)
Outside the sphere the differential equation becomes
therefore the Green's function is given by
After using the boundary conditions at the edge of the sphere as above, the coefficients α 5 and β 6 are respectively given by
The discrete spectrum can be computed numerically when solving the tran- 
5.4 r inside and r' outside the sphere (0 < r ≤ a ≤ r < ∞)
In this case the mixed Green's function is 
where σ 6 is given by 
Conclusion
In this work we have calculated the Green's function relative to the timeindependent Schrödinger equation in N dimensionnal spherical coordinate. The potential part in the Hamiltonian is a piecewise continuous operator obeying to a spherical symetry. We have used successfully the technique of solving the differential equation (the Bessel's equation). We have, with the help of this technique, retrieved the Green's function of two problems: the first one is related to a potential equal a positive constant V 0 inside a Ndimensional sphere of radius "a" and a zero operator outside this sphere. The second is related to a potential equal a negative constant (−V 0 ) on the sphere of radius "a" and equal zero outside this sphere. For each problem, we have calculated explicitely the Green's function in different regions of the space and for the cases E > V 0 , E < V 0 . We have respected the boundary conditions of the problems. The discrete spectra of the Hamiltonian operator have been also derived in the case of finite and infinite well potentials.
